Abstract. The immersed finite element method based on a uniform Cartesian mesh has been developed for the linear elasticity equations with discontinuous coefficients across an interface in this paper. The interface does not have to be aligned with the mesh. The main idea is to modify the basis function over those triangles in which the interface cuts through so that the natural interface conditions are satisfied. The standard linear basis functions are used for other triangles. The interface is represented by a level set function. Numerical examples are also presented.
Introduction
In this paper, we develop the immersed finite element method (IFEM) based on a uniform Cartesian mesh for the two-phase elasticity system of the following: ∇ · σ + F = 0 in Ω, (1.1) [ u ] = 0 on Γ, (1.2) [ σn ] = 0 on Γ, (1.3) u = u 0 on ∂Ω, (1.4) where σ is the stress tensor, see the definition in Section 2, F = (F 1 , F 2 )
T : Ω → R 2 is the body force, u = (u 1 , u 2 ) T is the displacement field, Γ is a smooth interface that divides the domain Ω into two parts Ω + and Ω − , n = (n 1 , n 2 ) T is the unit normal vector of the interface Γ, pointing from the Ω − phase to the Ω + phase, and u 0 is a given vector-valued function that represents the displacement on the boundary ∂Ω. Across the interface Γ, the physical parameters such as Young's modulus and Lamé constants have a finite jump discontinuity. For a function v, We use [v] ( X ) = v + ( X ) − v − ( X ) to denote the jump of v across the interface Γ at X ∈ Γ, where v + ( X ), for example, is the limiting value of v( x ) from Ω + side defined as
The jump condition (1.2) means that u is continuous across the interface. Multi-phase elasticity problems often arise in materials science, see for example, [14, 19] . We refer the reader to [1, 8, 11, 21] for other applications and related references. However, solving such an elasticity system is often difficult due to the presence of an interface and the discontinuities in the coefficients and the gradient of the solution.
There exist several numerical methods for solving general elasticity systems that do not have interfaces. Among them, finite element methods and boundary integral/element methods appear to be very successful, cf. e.g., [2, 16, 23 ] and the references therein. However, for an elasticity problem with an interface, a body fitted mesh may be needed for those methods in order to get accurate approximation. The grid generation process may become prohibitive expensive for elasticity problems with moving interfaces. Thus a fixed grid, such as a fixed uniform Cartesian grid may be preferred [9] . There exist almost none references in the literature about using the finite element methods that use Cartesian grids for solving elasticity problems with interfaces.
In [21] , a second order immersed interface method was developed for the elasticity system with an interface based on Cartesian grids. However, due to lack of the maximum principle, the stability of the method is still under investigation. The linear solvers for the finite difference equations may not converge satisfactorily. The goal of this paper is to develop an immersed finite element method for solving the two-phase elasticity system. The idea using a Cartesian mesh to solve a single elliptic interface problems via a finite element formulation can be found in [13, 12, 5] , but it has not been applied to the elasticity systems with interfaces. This paper is organized as follows: In Section 2, we derive the weak form of the elasticity system. In Section 3, we discuss how to construct the basis functions for non-interface and interface elements. In Section 4, we explain how to use a level set function to represent the interface and to get necessary geometric information. Several numerical examples are given in Section 5.
The derivation of the weak form of the elasticity system
In this section, we derive the weak formulation of the elasticity system. We refer the readers to [3, 22] for background information, physical implications, and other details. We use a more general boundary condition below that includes (1.4) as a special case
where ∂Ω = ∂Ω 1 ∪ ∂Ω 2 . Using a finite element formulation, it is more convenient to rewrite the strain ε and stress σ in vector forms below 
where D is the elasticity matrix (or constitutive stress-strain matrix),
and λ and µ are Lamé constants. Let E be the Young's modulus, and ν be the Poisson's ratio, then we have
The equilibrium, constitutive, and strain-displacement equations then become
Eliminating σ and ε gives the "displacement" formulations
Equation (2.9) will be used to derive the stiffness matrix in the finite element method.
Let us consider the potential energy Π of an elastic body. Π is defined as the sum of the total strain energy (U ) and the work potential (W P ) Π = Strain energy + Work Potential.
For linear elasticity materials, the strain energy per unit volume in the body is T ε . For a elastic body, the energy U is given by
The work potential is given by
The total potential for the general elastic body is
By the principle of minimum potential energy (cf. [4, 6, 7, 10, 18] ), we obtain the following "weak form" for two-dimensional stress analysis. The solution u is such a vector function that for every v in H 1 (Ω), the following statement holds
Note that u is involved in σ , and σ = Dε .
2.1. The equations for the global and local stiffness matrices and load vectors. We assume that the domain Ω is a rectangle, but the interface Γ can be arbitrary. We use a uniform triangulation (right triangles) regardless of the interface Γ. Therefore, the interface generally is not aligned with the edges of the triangulation. We need to find the basis functions with local support on each right triangle of the partition.
For a given triangle element ∆ ( ) , let u * be the vector of the nodal displacements:
T at the three vertices. The displacements at a point inside the triangle u can be determined in terms of the nodal displacements u * and the basis, or shape functions N : u = N u * . Strains and stresses can also be determined at nodal displacements:
where B = AN is called the displacement differentiation matrix. So we can obtain the following expressions:
where u * is the vector formed from all the nodal displacement u * . On each element ∆ (e) , we have
We need to know the basis function N on each element.
Constructing the basis functions at interface triangles
The triangles in our partition are classified into two categories: the interface triangle if the interface divides the triangle into two subsets, and non-interface triangle otherwise. For non-interface triangles, we use the standard linear basis functions. For interface triangles, we use an undetermined coefficients method to determine the basis functions by enforcing the natural interface conditions (1.2)-(1.3). Below, we discuss how to construct such piecewise linear basis functions for interface triangular elements.
Let B = (x 1 , y 1 ), C = (x 2 , y 2 ), A = (x 3 , y 3 ) be the three vertices of an interface triangle ∆ABC. Let D = (x d , y d ) and E = (x e , y e ) be the intersections of the interface and the edges of the triangle, see the diagram in Figure 1 for an illustration. As a common practice, the interface is approximated by the line segment DE. For convenience, we denote T + ⊂ Ω + , the region above the interface, and T − ⊂ Ω − , the region below it.
Given values u, v at the three vertices of the element T , we construct the following piecewise linear function
where a i 's, b i 's, c i 's, d i 's, (i = 1, 2, 3) are undetermined coefficients. Let the values of u, v at the vertices A, B, C are u 1 , u 2 , u 3 , v 1 , v 2 , and v 3 , respectively. Plugging in these values to (3.1) and (3.2), we have
The interface condition,
gives two more constraints
where (assuming the plane deformation)
, and
.
If we use G to represent the coefficient matrix for the equations (3.3) ∼ (3.9), and use Z to represent the vector formed by
can be rewritten as a matrix-vector form: 
Solving (3.10) gives
In other words, from (3.3) ∼ (3.7), and the interface conditions (1.2)-(1.3), we can express
Therefore, u(x, y) and v(x, y) can be expressed as
where − − → a 1 = ( a 11 , a 12 , a 13 , a 14 , a 15 , a 16 ) is the first row of matrix G −1 C in (3.11), and so forth for − − → a 2 , · · · ,
where N ij 's (i = 1, 2, j = 1, 2, · · · , 6) are piecewise linear functions, then we have
(3.14)
Thus we have determined the shape functions N . Figures 2 shows the mesh and contour plots of a pair of the shape functions in an interface triangle using Matlab. Note that the shape functions are only defined on the triangle. But for convenience of plotting in Matlab, they are extended to the entire square by zero. Some wiggles of the plots are due to the discontinuity in the extension, but not from the shape function. Remarks: From the process of constructing the basis functions, we can construct the interpolation function (u I (x, y), v I (x, y)) that approximates the solution of the elasticity system (u(x, y), v(x, y) with second order accuracy in the infinity norm. The derivation is long and it is almost the same as in [13] , and therefore is omitted here.
While the global basis functions satisfy the natural interface conditions (1.2)-(1.3) and continuous in each element, they may be discontinuous across the edges of triangles which can be seen in Figure 3 . Thus the finite element space is a non-conforming one.
The convergence of the corresponding Galerkin method is at least first order accurate. The optimal convergence rate is difficult to get and it is under investigation.
We then can compute the differentiation strain matrix B for interface elements:
The local stiffness matrix then is
which is also a constant and symmetric matrix.
Representation of the interface using a level set function
For interface problems, we also need to represent the interface Γ. We need to know how to obtain the the intersections of the interface and edges of the triangles, such as D and E in figure 1 . While a Lagrangian frame with marked particles (X k , Y k ) can be used to represent the interface, we use the same Eulerian coordinates system so that we can deal with more complicated geometries such as multi-connected domain.
We use the zero level set of a Lipschitz continuous function ϕ(x, y) to represent the interface Γ. Usually ϕ(x, y) is chosen as an approximation of the signed distance function, |∇ϕ(x, y)| = 1 in a neighborhood of the interface Γ. The level set function is defined at grid points ϕ ij = ϕ(x i , y j )
1 . With the representation of a level set function, it is easy to compute the geometric information that is needed to construct the basis functions. If ϕ(A)ϕ(B) ≤ 0, then the interface cuts through the line segment AB. The coordinates of the intersections can be determined from the following theorem. 
where ϕ i,j+1 = ϕ(x i , y j+1 ), ϕ i,j = ϕ(x i , y j ), ϕ i+1,j = ϕ(x i+1 , y j ), and
The above theorem gives all the information that is needed to construct the basis function on an interface triangle.
The proof of the theorem is straightforward using the Taylor expansion of ϕ(x, y) at the intersections D and E.
Using the level set function, the unit normal is simply ∇ϕ/|∇ϕ|. The other geometric information is also easy to compute using the level set function, see for example, [15, 17] . The jump ratios in the parameters are large than that in the previous example meaning a more difficult problem. In this example the finite difference method takes much longer time to converge than the finite element method does. This is because the linear system of equations obtained from the finite element method is symmetric and has better condition number compared with that obtained from the finite difference approach. This is one of motivations to develop the finite element method for elasticity problems with interfaces using a fixed Cartesian grid. The body force F is nonzero and determined by (1.1), that is F = −∇ · σ with σ determined by u 0 = (u 0 (x, y), v 0 (x, y)), and and the parameters from Ω + side. The parameters for this example are E + = 150, E − = 10, ν + = .2 and ν − = .24. This example is close to real applications with given force and boundary conditions. Note that u 0 = (u 0 (x, y), v 0 (x, y)) is not the solution since the natural interface conditions (1.2)-(1.3) are not satisfied unless the parameters are continuous. Figure 7 and Figure 8 are the mesh and contour plots of the displacements obtained from the finite element method developed in this paper. 
Conclusions
In this paper, we have developed an immersed finite element method (IFEM) for a linear elasticity system of equations with interfaces and discontinuous parameters. The method is based on a fixed Cartesian grid and modifications of the basis functions to enforce the natural interface conditions at interface triangles. The resulting finite element space is a non-conforming one but has the same degree of the freedom as the standard finite element method apply to standard linear elasticity systems. Compared with the immersed finite difference method, the linear system derived from the IFEM is symmetric and had better condition number. We can construct an interpolation function that can approximate the solution to the elasticity system to second order accuracy in the infinity norm. It is not difficult to prove that the IFEM for the elasticity system is at least first order convergent. However, the optimal convergence rate may be difficult to obtain due to the nature of the problem and non-conforming IFE space. Such research is still under investigation.
